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In several classes of noncommutative noetherian rings, Jategaonkar’s intersection 
conditions are verified for finite unions of cliques of prime ideals, and it follows that 
these finite unions of cliques are classically localizable if they satisfy incom- 
parability. Among the rings in question are the enveloping algebra of any tinite- 
dimensional solvable Lie algebra g over any field k of characteristic zero, any 
twisted smash product R # U(g) where R is a commutative noetherian k-algebra 
and g acts on R via k-linear derivations, and certain iterated differential operator 
rings over R. In contrast to previously veritied cases, k is allowed to be countable. 
One tool used here-a lying over theorem for cliques-has some independent 
interest. Namely, if R c S is a flat finite centralizing extension of noetherian rings 
satisfying the second layer condition, and if X is a clique in Spec(R), there exists 
a clique Y in Spec(S) such that {P n R j  PE Y} = X. D 1990 Academic press, IIIC 
1. INTRODUCTION 
By localization at a nonempty set X of prime ideals in a noetherian ring 
R, we mean the formation of an Ore quotient ring R, with respect to the 
set ‘SR(X) of those elements of R which are regular modulo all the primes 
in X. For this to be possible at all, we must allow X to be infinite, in which 
case the familiar properties of localization at a single prime may not 
automatically follow. The desirable outcome is to have X be classically 
right localizable, meaning that V!,(X) is a right Ore set in R and the 
localization R, = R WR(X))’ has the following properties: R,/PR, is a 
simple artinian ring for each P E X, the ideals PR, for P E X are the only 
right primitive ideals in R,, and the injective hull of each simple right 
Rx-module is the union of its socle series. Of course if X is also classically 
left localizable, we say that X is classically localizable, and in this case the 
right and left localizations of R with respect to WR(X) coincide. 
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Jategaonkar has proved that X is classically (right) localizable if and 
only if X satisfies four technical conditions: (right) stability, the (right) 
second layer condition, the (right) intersection condition, and the incom- 
parability condition [7, Theorem 7.1.51. Stability one just builds in by 
concentrating on (right) stable sets of primes; these are just the unions of 
(right) cliques in Spec(R). The second layer condition has been verified in 
a number of classes of rings-in particular, it holds in the enveloping 
algebra of any finite-dimensional solvable Lie algebra over a field of 
characteristic zero [7, Theorem A.3.91. For cliques, the incomparability 
condition is a consequence of the second layer condition [7, 
Theorem 8.2.41. 
Thus the intersection conditions are the most troublesome. We recall the 
definition: X satisfies the right intersection condition in R provided that 
every right ideal of R which has nonempty intersection with Cc,(P) for all 
P E X also has nonempty intersection with %‘,JX). The (right and left) inter- 
section conditions are easily verified for finite sets of primes [7, Proposi- 
tion 7.2.41, but most of the known cases in which these conditions have 
been proved for infinite sets of primes rely on the presence of an uncoun- 
table field. For instance, in a noetherian algebra over an uncountable field, 
every countable set of completely prime ideals satisfies the intersection con- 
ditions [7, Proposition 7.2.61. The main exception to this uncountable field 
hypothesis is Miiller’s theorem verifying the intersection conditions for finite 
unions of cliques in afline noetherian P.I. rings [ 11, Propositions 8,9]. 
In this paper we develop an analog of Miiller’s method which allows us 
to prove the intersection conditions for finite unions of cliques in solvable 
enveloping algebras and similar iterated differential operator rings over 
fields of arbitrary cardinality, and classical localizability results follow 
directly. We proceed through a series of cases, starting with enveloping 
algebras of completely solvable Lie algebras, followed by enveloping 
algebras of solvable Lie algebras, then a solvable type of universal envelop- 
ing ring, and finally a solvable type of PBW extension. 
We refer the reader to [7] for terminology and notation regarding 
localization. In particular, the notation Q -u, P is used for a (second layer) 
link from a prime Q to a prime P, while the notation Q-+ -n* P is used for 
an ideal link (internal bond) from Q to P. To avoid conflict with this latter 
usage, we need another notation for sequences of links. We shall write 
Q \\3 . --+ P to mean that there exist primes Q. = Q, Q,, . . . . Q, = P such 
that Q, ~, --3 Q, for all i= 1, . . . . n. In the presence of the second layer condi- 
tion, this is a consequence of the existence of an ideal link, as follows. 
THEOREM 1.1. Let R be a noetheriun ring satisfying the second layer 
condition, and let P, Q be prime ideals of R. If there exists un ideal link from 
Q to P, then either Q = P or Q --u* -3 P. 
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Proof Assuming that Q yr) -+ P, [7, Theorem 8.2.41 says that Q lies in 
the clique of P. The proof actually shows that Q lies in the right clique of 
P, which means precisely that either Q = P or Q-Y) . . -+ P. Alternatively, 
[S, Theorem 2.31 shows that Q must be one of the fundamental primes of 
E( (R/P),), and so either Q = P or Q y-* ... -vf P by [7, Theorem 9.1.21. 1 
THEOREM 1.2. Let R, S he noetherian rings satisfying the second layer 
condition, and suppose there exists a bimodule R B, which is .finitely 
generated and faithful on both sides. Then CI.K.dim(R) = Cf.K.dim(S). 
Proof See [7, Theorem 8.2.81. 1 
LEMMA 1.3. Let R and S be prime noetherian rings satisjying the second 
layer condition, and let R B, be a bimodule which is finitely generated and 
faithful on each side. Then there exists a proper sub-bimodule B’ < B such 
that BIB’ is torsionfree on each side. 
Proof: By Theorem 1.2, CI.K.dim( R) = CI.K.dim(S). Let B’ be a sub- 
bimodule maximal such that B/B’ is faithful on both sides. Without loss of 
generality, B’ = 0. 
Let C be the left torsion submodule of B. Then RC is unfaithful, and so 
the classical Krull dimension of R/l.ann,(C) is strictly less than that of R. 
By Theorem 1.2, R/l.ann,(C) has the same classical Krull dimension as 
S/r.ann,(C), and hence r.ann,(C) # 0. Thus C is unfaithful on both sides. 
If C #O, the maximality of B’ forces B/C to be unfaithful on at least one 
side. But then B would be unfaithful on that side, contradicting our 
assumptions. Thus C = 0, and so R B is torsionfree. Similarly, B, is torsion- 
free. 1 
The following corollary is relatively well known (see, e.g., [ 163) but we 
could not find a proof of it in the literature. 
COROLLARY 1.4. Let R be a noetherian ring satisfying the second layer 
condition, and let P and Q be prime ideals of R. Then Q -+ P 17 and only if 
(Q n P)/QP is faithful as a left (R/Q)-module and as a right (R/P)-module. 
We remind the reader that when g is a finite-dimensional solvable Lie 
algebra over a field of characteristic zero, all prime ideals in U(g) are 
completely prime [lo, Corollary 14.5.51. In this context, the intersection 
conditions are just versions of the “prime avoidance” conditions used in 
commutative algebra. Namely, if X is a set of completely prime ideals in 
a ring R, then X satisfies the right intersection condition if and only if 
whenever I is a right ideal of R that is not contained in any of the primes 
in X, then I g IJ X. 
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2. STRONG INTERSECTION CONDITIONS 
We shall obtain the intersection conditions for certain cliques from a 
stronger condition somewhat analogous to the condition of “definability 
over small fields” that Miiller used to derive the intersection conditions for 
cliques in affine noetherian PI. rings [ll, p. 1251. Our condition is 
noticeably simpler than his since we deal only with completely prime ideals 
in Q-algebras. Technical advantages of this condition include its adap- 
tability to various passages between rings, where the intersection condi- 
tions tend not to carry over. 
DEFINITION. Let R be a Q-algebra and X a set of completely prime 
ideals of R. We say that X satisfies (#n) provided that for any finite 
subset SE R, there exists a positive integer s with the following property: 
given any irreducible polynomial xi=, GL,X’ in Q[x] of degree t > S, any 
prime P E X, and any elements a, h E S - P, then xi=, CC&F ’ $ P. 
Observe that if X,, . . . . X,,, are sets of completely prime ideals in a 
Q-algebra R satisfying ( # n), then X, u . . . u X, satisfies ( # 0). 
LEMMA 2.1. If R is a right noetherian Q-algebra and X is a set of 
completely prime ideals of R satisfying (#n), then all subsets qf X satisfy 
the right intersection condition. 
Proof. We must show that if I is a right ideal of R and Y is a subset 
of X such that I g P for all P E Y, then Z e U Y. We proceed by induction 
on the cardinality of a generating set for 1, the case of a single generator 
being trivial. Now assume that Z can be generated by n > 1 elements and 
that the lemma holds for right ideals with n - 1 generators. 
Write I= J + bR for some b E R and some right ideal J with n - 1 gener- 
ators. If Y’ = {P E YI b E P}, then J S P for all PE Y’. By the induction 
hypothesis, there exists an element aE J- (U Y’). Then a, b E I and 
{a, b} e P for all P E Y. 
Applying (# n) in the case S = {a, b}, we obtain a positive integer s 
such that given any irreducible polynomial I:= 0 slixi in Cl! [x] of degree 
t > s, and any prime PE X such that a, b 4 P, it follows that 
z:fCo a,a’b’-’ $ P. There exist plenty of such polynomials; for instance, 
X ‘+ ’ + 2. Thus the element c = a5 + ’ + 2b”+ ’ is an element of I such that 
c $ P whenever P E Y and a, b I# P. Since no prime PE Y contains both a 
and 6, it is clear that c 4 P whenever a E P or b E P. Therefore c 4 U Y, 
which completes the proof of the induction step. g 
In order to smooth out computations in the quotient division ring of a 
formal differential operator ring R[O; S], we shall make use of the formal 
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pseudo-differential operator ring T = R( (0-l; 6)) as constructed in [6]. 
Elements of T have the form 
for some m E Z and r, E R; when r,,, # 0 the integer m is called the order of 
t and rm the leading coefficient of t. Moreover, R[8; S] is a subring of T 
in the obvious way [6, Proposition 2.31. We just need three facts about T 
(in the case that R is a division ring)-the order of a nonzero product tt’ 
is the sum of the orders of t and t’; the leading coefficient of tt’ is the 
product of the leading coefficients of t and t’; and T is a division ring 
[6, Corollary 2.51. Note that since T is a division ring, it contains the 
quotient division ring of R[Q; S]. 
LEMMA 2.2. Let D be a division ring of characteristic zero, and assume 
that there are sub-division-rings D, s D, s . . . E D,, = D such that D, is a 
finitely generated field while each remaining Di is the quotient division ring 
of Dim,[zi] for some element z,ED; satisfying [zi, Di-,]cD,+,. Then 
there exists a positive integer s such that the following condition is satisfied: 
(C,) Given any irreducible polynomial xi=, c~,xI’ in Q[x] of degree 
t > s and any nonzero elements a, b E D, then CfZo ctiaib’~ i # 0. 
ProoJ We proceed by induction on n, starting with n = 0. Let F be the 
subfield of D, consisting of those elements algebraic over Q. Since D, is a 
finitely generated field extension of Q, so is F [ 12, Theorem 4.1.51, whence 
F is finite-dimensional. Set s = dim&F), and consider any irreducible poly- 
nomial f = xi= 0 GL,X’ in Q [x] of degree t > s. Then f has no roots in F, and 
hence none in D,. Thus 
,$,, aiaib’-‘=f(ab-‘)b’#O 
for all nonzero a, b E D,, and therefore D, satisfies (C,). 
Now let n > 0, and assume the lemma holds for division rings with shor- 
ter chains of sub-division-rings of the form described. The map [z,, -1 
induces a derivation 6 on D, _ i and the identity map on D,- 1 extends to 
a surjective ring map 4 from the differential operator ring D,- ,[0; S] onto 
D,-ICZ,I. 
Assume first that 4 is not an isomorphism. Then D,- , [6; S] is not a 
simple ring, whence 6 is inner on D,- , and D,- I [Q; S] is isomorphic to 
a polynomial ring in one variable over D,- I [3, Satz 4.71. In this case 
481.132’1-17 
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D, _ i [z,] = D,- i [z] for some element z centralizing D, ~, . Since D is the 
quotient division ring of D,Im ,[z], we see that z must be central in D. 
For i=O, 1, . . . . n - 1 let Ei be the quotient division ring of Di [z] inside 
D. Then E, is a finitely generated field and E, ~ , = D. For i = 1, . . . . n - 1 we 
have [zj, Dip ,] c DiPI and hence [zi, Ei ~. ,] E E;. , Moreover, E, is the 
quotient division ring of Dip ,[z,, Z] and so it must also be the quotient 
division ring of EjP, [z;]. Therefore in this case our induction hypothesis 
implies that D satisfies (C,,) for some S. 
It remains to deal with the case that 4 is an isomorphism. In this case 
D is isomorphic to the quotient division ring of D, ,[0; S], and so we 
can embed D in the formal pseudo-differential operator ring T= 
D, _ ,( (0-l; 6)) as discussed above. By induction, D,, ~, satisfies (C,) for 
some positive integer s, and we conclude the proof by showing that T 
satisfies ( C,Y). 
Consider an irreducible polynomial Ci=, aixi in Q[x] of degree t > s, 
and note that cc,,, a, # 0. Consider nonzero elements a, b E T, say with 
orders k, m E Z and leading coefficients U, v E D, ~ i. Then xi=, tliuiv’ ’ # 0 
because D, ~, satisfies (C,). Hence, if k = m we obtain 
i qa’b”=( i .iuiv”) Ok’ + [terms of lower order] # 0. 
i=O i=o 
If k < m then 
i aia’brP i = aOvfP’ + [terms of lower order] # 0. 
i=o 
while if k>m then 
i cc&b’- ‘= c(,z#‘+ [t erms of lower order] # 0. 
r=O 
Therefore T satisfies (C,), as desired. 1 
COROLLARY 2.3. Let h be a finite-dimensional solvable Lie algebra over 
a finitely generated field of characteristic zero. If D is the quotient division 
ring of a prime factor ring of U(h), there exists a positive integer s such that 
D satisfies the condition (C,) of Lemma 2.2. 
3. COMPLETELY SOLVABLE LIE ALGEBRAS 
We show ‘in this section that if g is a completely solvable linite-dimen- 
sional Lie algebra over a field k of characteristic zero, then any clique of 
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prime ideals in U(g) satisfies the condition (# 0). This is obtained as a 
consequence of showing that any clique of prime ideals in U(g) lies in a 
single orbit of a finitely generated group of winding automorphisms of 
U(g). The proof of this latter result is essentially the same as that given by 
Brown in the case k = C [S, Lemma 2.31; we merely need to be sure that 
k contains the relevant eigenvalues. 
Since g is completely solvable, we may fix ideals 
g, = 0 < g, < . ‘. < g, = g 
in g such that dim,(g,/g,_ ,) = 1 for i = 1, . . . . n. Then g acts on gig- 1 via 
an eigenvalue Ai E g*, that is, [x, y] = n,(x) y for all x E g and y E gi/gi- 1. 
It follows directly from the Jacobi identity that Ai vanishes on [g, g]. 
Choose xi E gj -g,_ 1 for i = 1, . . . . n. These xi form a basis for g, and so 
U(g) has a basis consisting of standard monomials x; x; . . .x’,. We write 
such monomials in the form XP where p is an n-tuple of nonnegative 
integers; if p= (p(l), . . . . p(n)) then xp= x~(‘)x$(~)...x~(“). The total order 
of xP is the integer IpI=p(l)+ ... + p(n). We order the set of such 
n-tuples using the following Dixmier ordering: p < q provided either 
IpI < 141, or else IpI = 141 and p is less than q with respect to the reverse 
lexicographic ordering. With respect to the Dixmier ordering, the n-tuples 
of nonnegative integers form a totally ordered set order-isomorphic to N. 
The Dixmier degree of a nonzero element u E U(g) is the largest (with 
respect to the Dixmier ordering) n-tuple p such that xp appears in u; the 
coefficient of xp in u is then called the leading coefficient of u. 
The following lemma is well known. We leave its easy proof (via induc- 
tion on total degree, for instance) to the reader. 
LEMMA 3.1. Let p = (p(l), . . . . p(n)) be an n-tuple of nonnegative integers, 
let A=p(l)i,+ ... +p(n)l,, and let yEg. Then 
[y, x”] = A( y)xp + [terms of lower Dixmier degree]. 
For any 1 E g* which vanishes on [g, g], there is a corresponding 
winding automorphism r1 on U(g), where zi, is a k-algebra automorphism of 
U(g) such that rn( y) = y + A(y) for all y E g [3, (10.2)]. 
LEMMA 3.2. If P, Q are prime ideals of U(g) such that Q -+ P, then there 
is some 1 in the additive monoid generated by {%,, . . . . A,,} such that 
51(Q) = P. 
ProoJ There is an ideal A in U(g) such that Q n P> A 2 QP and 
(Q n P)/A is torsionfree as a left (U(g)/Q)-module and as a right (U(g)/P)- 
module. Let p = (p(l), . . . . p(n)) be the least Dixmier degree among elements 
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of (QnP)-A, set i=p(l)A,+ ... +p(n)&,, and choose an element 
u E (Q n P) -A with Dixmier degree p. We may assume that the leading 
coefficient of u is 1. Set u = u + A in (Q n P)/A. Since U(g)/Q and U(g)/P 
are domains, it follows from the torsionfree conditions on (Q n P)/A that 
the left and right annihilators of u in U(g) are Q and P. 
For any y E g, we see by Lemma 3.1 that 
[y, u] = A(y)xp + [terms of lower Dixmier degree], 
whence [y, u] - A(y) u has Dixmier degree less than p. By minimality of p, 
we find that [y, u] - A( y)u is in A, whence yu = uy + A(y)u = ur,(y). 
Consequently, au = urJa) for all a E U(g), and therefore 
P= r.annuc,,(u) = r,dl.ann.&u)) = TV.. I 
PROPOSITION 3.3. Let A be the additive subgroup of g* generated by 
11 ,, . . . . A,}. ZfQ is anyp rime ideal of U(g), then the clique of Q is contained 
in the,set {T,(Q)/AEA}. 
THEOREM 3.4. Any clique X in Spec( U(g)) satisfies (# n) 
Proof. Choose Q E X, and define A as in Proposition 3.3. Then XZ 
h(QW4 Ch oose elements cliim E k such that [x,, xi] = Ck= 1 c(~,,,x, 
for all i, j = 1, . . . . n, and note that ii = ajir for all i, j. 
Given a finite subset SE U(g), choose a finitely generated subfield k, c k 
such that c(~~ E kO for all i, j, m and such that each element of S is a 
k,-linear combination of the standard monomials xp. Then the vector space 
h = kOx, + ... + kox, is a completely solvable Lie algebra over k,, its 
enveloping algebra U(h) is a k,-subalgebra of U(g), and SE U(h). Since 
Ai E k, for all i, j, we see that U(h) is invariant under r+ j,, for i = 1, . . . . n, 
and hence invariant under rE, for all A. E A. 
If Q, = Q n U(h) and D is the quotient division ring of U(h)/QO, then by 
Corollary 2.3 there exists a positive integer s such that D satisfies (C,). 
Consider any irreducible polynomial xi=, ctixi in O[x] of degree t > s, 
any PE X, and any a, b E S- P. We must show that the element c = 
~~,o~iaib’-i is not in P. Now P=t;‘(Q) for some AE,~, and so rl(a), 
t,(b) $ Q. Since U(h) is invariant under rA, we see that z,,(a) and c,(b) lie 
in U(h) - Q,. The cosets of tn(a) and s,(b) in U(h)/QO are then nonzero 
elements of D, and so on applying (C,) we find that 
i$o clirj.(a)i T;.(b)‘-’ $ Q,. 
Thus Zj,(C) $ Q,, and therefore c $ P, as desired. 1 
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4. LYING OVER FOR CLIQUES 
To extend the results of the previous section to the general case of a 
solvable Lie algebra g, we need to relate cliques in U(g) to cliques in 
U(k’ Qk g) where k’ is a finite field extension of k such that k’ Ok g is com- 
pletely solvable. Specifically, we need a lying over theorem for cliques- 
that given a clique X in Spec(U(g)), there should exist a clique X’ 
in Spec( U(k’Ok g)) such that to each prime in X there is a prime in X 
lying over it. We actually prove this in a more general setting, namely 
a finite centralizing extension R c S where R is a noetherian ring satisfy- 
ing the second layer condition and S is a flat right and left R-module. 
(For finite centralizing extensions which are not flat, the result already 
fails among finite-dimensional algebras, as shown by an example of Letzter 
[9, Example 6.11.) 
Recall that in a ring extension R E S, a prime P of S is said to lie ouer 
a prime Q of R provided Q is minimal over the ideal P n R. In our case, 
this is equivalent to the more familiar condition P n R = Q, as follows. 
LEMMA 4.1. Let R E S be a finite centralizing extension of rings. 
(a) If P is a prime ideal of S then P n R is a prime ideal of R. 
(b) If Q is a prime ideal of R, there exists a prime ideal P of S lying 
over Q, and any such P satisfies P n R = Q. 
Proof: (a) See [lo, Theorem 10.2.41. 
(b) By [lo, Theorem 10.2.91, there exists a prime P lying over Q. 
Then P n R is prime by (a). Since Q is minimal over P n R, it follows that 
Q=PnR. 1 
LEMMA 4.2. Let R, S be noetherian rings and let RBs be a bimodule 
which is finitely generated on both sides. Assume that S satisfies the right 
second layer condition and that B, is faithful. If P is any prime ideal of S, 
there exist sub-bimodules B’ > B” in B and a prime ideal Q in R such that 
B’/B” is a torsionfree left (R/Q)- mo u e d 1 and a torsionfree right (S/P)- 
module. 
Proof See [7, Lemma 8.2.11. 1 
We are now ready to prove a lying over result for links, from which our 
lying over result for cliques follows. 
THEOREM 4.3. Let R E S be a finite centralizing extension of noetherian 
rings, such that RS and SR are both flat, and assume that R satisfies the 
second layer condition. Let P, Q be prime ideals of R such that Q -yy, P. 
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(a) If P’ is a prime ideal of S lying over P, then there is a prime ideal 
Q’ of S lying over Q such that either Q’ = P’ or Q’ -yt . . --+ P’. 
(b) If Q’ is a prime ideal of S lying over Q, then there is a prime ideal 
P’ of S lying over P such that either Q’ = P’ or Q’ yyf -+ P’. 
Proof By [9, Theorem 4.21, S satisfies the second layer condition. 
Since (a) and (b) are symmetric, we just prove (a). 
Let B=QnPand A=QP. Since Q -uv) P, the bimodule B/A is faithful as 
a left (R/Q)-module and as a right (R/P)-module. If a = Cl.K.dim(R/P), 
then Cl.K.dim(R/Q) = CI by Theorem 1.2. Lemma 4.1 shows that P’ n R = P, 
whence S/P’ is an (S/P’, R/P)-bimodule which is finitely generated and 
faithful on both sides. Hence, using Theorem 1.2 again, Cl.K.dim(S/P’) = CI. 
Since RS is flat, BS/AS r (B/A) OR S as right S-modules. Also, B/A is 
a faithful noetherian (R/Q, R/P)-bimodule, and so there exists a right 
R-module embedding R/P + (B/A)” for some positive integer n. A second 
application of flatness then yields a right S-module embedding SIPS + 
(BS/AS)‘, from which we see that BS/AS is faithful as a right (S/PS)- 
module. Since S is a centralizing extension of R, we have BS = SB and 
AS= SA. Hence, the left-hand version of the argument just given shows 
that BS/AS is also faithful as a left (S/QS)-module. 
Since P’ n R = P, we have P’ 3 PS. By Lemma 4.2, there exist ideals B’, 
B” in S and a prime Q’ in S such that BS > B’ > B” > AS while B’/B” is a 
torsionfree left (S/Q’)-module and a torsionfree right (S/P’)-module. Since 
BS/AS is a left (S/QS)-module, QS 6 Q’, whence Q d Q’ n R. 
Two final applications of Theorem 1.2 show that Cl.K.dim(S/Q’) = 
Cl.K.dim(S/P’) = c( and that 
Cl.K.dim( R/( Q’ n R)) = Cl.K.dim( S/Q’) = c( = Cl.K.dim( R/Q). 
Consequently, Q’ n R = Q, and thus Q’ lies over Q. Since B’/B” provides an 
ideal link from Q’ to P’, we conclude from Theorem 1.1 that either Q’ = P’ 
or Q’-+ . .. --+ P’. 1 
COROLLARY 4.4. Let R c S be a finite centralizing extension of 
noetherian rings, such that RS and S, are both flat, and assume that R 
satisfies the second layer condition. If X is a clique in Spec(R), there exists 
a clique X’ in Spec(S) such that 
Proof: Choose PO E X, choose a prime P& of S lying over P,, and let X’ 
be the clique of Pb in Spec(S). From Theorem 4.3, we see that for each 
prime in X there is a prime in X’ lying over it. In other words, XG 
{P’n R I P’ E X’} (taking account of Lemma 4.1). On the other hand, by 
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[4, Proposition 5 and Remark] any pair of linked primes in S contracts 
either to identical primes or to linked primes in R. We conclude that the 
set {P’ A R 1 P’ E X’> is contained in the clique of P,, that is, 
{P’n RI P’EX’} cX. 1 
5. SOLVABLE ENVELOPING ALGEBRAS 
THEOREM 5.1. Let g be a finite-dimensional solvable Lie algebra over a 
field k of characteristic zero. If X is a finite union of cliques in Spec( U(g)), 
then X satisfies ( # n), and so all subsets of X satisfy the right and left inter- 
section conditions. 
Proof The second conclusion follows from the first by Lemma 2.1. 
Thus we need only prove (# n), and for this it suffices to assume that X 
is a single clique. 
Choose a finite field extension k’ 2 k such that the Lie algebra g’= 
k’& g is completely solvable [IO, Theorem 14.5.31. Since U(g) satisfies 
the second layer condition [7, Theorem A.3.91, Corollary 4.4 shows that 
there exists a clique X’ in Spec( U(g’)) such that X= {P’ n U(g) 1 P’ E X’}. 
Condition (# n), which holds for X’ by Theorem 3.4, therefore descends 
tax. 1 
For the benefit of those readers primarily interested in ordinary envelop- 
ing algebras, we record the localizability consequences of Theorem 5.1 at 
this point. 
THEOREM 5.2. Let g be a finite-dimensional solvable Lie algebra over a 
field of characteristic zero, and let R be a factor ring of V(g). If X is any 
(right) clique in Spec(R), then X is classically (right) localizable. More 
generally, if X is any finite union of (right) cliques in Spec(R), and if X 
satisfies the incomparability condition, then X is classically (right) 
localizable. 
Proof We have (right) stability by our choice of X, the second layer 
condition by [7, Theorem A.3.91, and the intersection conditions by 
Theorem 5.1. In case X is a single (right) clique, the incomparability condi- 
tion holds by [7, Theorem 8.2.41. Therefore we may apply [7, Theorem 
7.1.51. 1 
6. SOLVABLE UNIVERSAL ENVELOPING RINGS 
We next investigate the case of a twisted smash product (crossed 
product) K # U(g) where g is again a finite-dimensional solvable Lie 
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algebra over a field k of characteristic zero, K is a field extension of k, 
and g acts on K via k-linear derivations. (See, e.g., [ 10, Sect. 1.7.121.) By 
viewing K # U(g) as a “universal enveloping ring” in the sense of 
Passman [ 131, we shall be able to correspond cliques in Spec(K # U(g)) 
with cliques of primes in an ordinary enyeloping algebra and thereby apply 
the results obtained so far. 
A universal enveloping ring U = U( V, R, K) is an (associative) ring U 
generated by a subset V arising from the following data: 
(a) VzRzK. 
(b) K is a subfield of U, while R is a subring of U in which K is 
central, and V is a Lie subring of U and a left K-subspace. 
(c) [R, V] c R and [K, V] G K. 
(d) U satisfies the natural universal mapping property with respect 
to such data. (See [13, Sect. 11 for the precise formulation of (d) and for 
the relevant existence theorem.) 
If we set V = K + g inside our twisted smash product K # U(g), then a 
universal enveloping ring U( V, K, k) exists by [ 13, Lemma 1.1 and 
Theorem 1.31, and the universal mapping property (d) provides a ring 
homomorphism from U( V, K, k) to K # U(g) which is easily seen to be an 
isomorphism. Alternatively, if we set V = K + Kg we obtain a universal 
enveloping ring U( V, K, K) isomorphic to K # U(g). Since this involves a 
touch less. notation than the previous, we shall work with U( V, K, K). 
Thus, throughout this section we shall assume that U= U( V, K, K) is a 
universal enveloping ring where K is a field of characteristic zero and 
dim, ( V) < co. Moreover, we shall assume that there are elements 
v,, . . . . v, E V such that 1, v], . . . . v,, is a left basis for V over K, and such that 
the subspaces 
I/;= K+KvI + ... + Kvi (for i= 0, 1, . . . . n) 
satisfy [ Vi, Vi] c V, and [vi, Vi ~ 1] E Vi_ , for i = 1, . . . . n. (This does not 
imply that Vi- I is a Lie ideal of Vi. For instance, if there is some c( E K 
such that [E, v,] #O, then [olv,, v,] $ V,.) 
THEOREM 6.1. Let W be the centralizer of K in V, and let T be the 
subring of U generated by W. Then W is a finite-dimensional solvable Lie 
algebra over K, the ring T is a universal enveloping ring U( W, K, K) as well 
as a twisted enveloping algebra of W, and [V, T] G T. Moreover, contrac- 
tion (P +-+ P n T) and extension (P’ H P’U) provide inverse bijections 
between Spec(U) and the set of [V, - ]-invariant prime ideals of T. 
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Proof. Except for the solvability of W, this is a special case of [ 13, 
Theorem 4.33. As noted in [13, Theorem 2.21, W is a Lie ideal of I’. 
If W-,=Oand Wi=WnVifori=l ,..., n, then W,=W,each Wiisa 
K-subspace of W, and dim,( Wi/ W,_ , ) < 1 for i 2 0. Moreover, since 
[K, W]=O and [V, W]C W, we see that [V,, Wip,]~ WI+,, whence 
[W,, W,- ,] E W,-, . Thus each Wj~ , is a Lie ideal of W,, and therefore 
W is solvable. i 
By a differential operator ring over a ring R we just mean a formal 
differential operator ring (Ore extension) of the form R[0; S] where 6 is a 
derivation on R. We use the term iterated differential operator ring over R 
to refer to a ring extension 
obtained by finitely many successive differential operator ring extensions. 
LEMMA 6.2. The ring U is isomorphic to an iterated differential operator 
ring over K, and to an iterated differential operator ring over T. 
Proof For i = 0, 1, . . . . n let Ui denote the subring of U generated by V,. 
Then U0 = K and U, = U, and Ui is generated by Ui-, together with vi 
when i>O. Since [vi, Vi~I]cVi-,, we see that [vi, Ui~l]~Ui-l. The 
PBW theorem for U [13, Theorem 1.31 says that the standard monomials 
. . V1V.2” vl, form a left basis for U over K. It follows that 1, vi, uf, . . . are left 
linearly independent over Ui _. 1, and thus that Ujr UipI[8i;6j] where hj 
is the restriction of [vi, - ] to Uip ,. Therefore U is isomorphic to an 
iterated differential operator ring over K. 
Now for i= 0, 1, . . . . n let T, denote the subring of U generated by 
W+ Vi. Then T, = T and T,, = U, and for the second conclusion of the 
lemma it suffices to show that for i= 1, . . . . n either Tj = TipI or Ti is 
isomorphic to a differential operator ring over T,- i. Note that T, is 
generated by TieI together with vi, and that [vi, Ti_ 1] s Tip ,. If 
Vi E W+ Vi-17 then vi E Tip i and so T, = Tip,. Hence, we may assume 
that vi# W+ VieI. 
Choose a left basis 1, x,, . . . . xj for W+ VieI over K, set xi+ i = vi, and 
choose xjf2, . . . . x, so that 1, xi, . . . . x, is a left basis for V over K. Since 
W+ Vjel is closed under [ -, -1, we infer that the standard monomials 
Xix; ...x; span Tip i on the left over K. On the other hand, the PBW 
theorem for U says that the standard monomials xix; . . . xi form a left 
basis for U over K. Consequently, 1, ui, 02, . . . are left linearly independent 
over TimI, and therefore T, is isomorphic to a differential operator ring 
over Tip,, as desired. i 
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THEOREM 6.3. All prime ideals in U are completely prime. 
ProoJ See Lemma 6.2 and [ 14, Corollary 2.61. u 
LEMMA 6.4. If P and Q are prime ideals of U satisfying Q --+ P, then 
P n T and Q n T are prime ideals of T satisfying Q n T-* P n T. 
Prooj By Theorem 6.1, P’ = PA T and Q’ = Q n T are primes of T 
such that P = P’U and Q = Q’U. In view of Lemma 6.2, we see that U is 
free as a right or left T-module. In particular, it follows that Q n P = 
(Q’n P’)U= U(Q’n P’). 
Since Q -iy, P, the bimodule (Q n P)/QP is faithful as a left (U/Q)- 
module. If I is the left annihilator of (Q’ n P’)/Q’P’ in T, then 
Z( Q n P) = I( Q’ n P’) U d Q’P’U 6 QP, 
whence I < Q n T = Q’. Thus (Q’ n P’)/Q’P’ is a faithful left (T/Q’)-module, 
and similarly it is a faithful right (T/P’)-module. Since T is a homomorphic 
image of the (ordinary) enveloping algebra of the solvable Lie algebra W, 
it satisfies the second layer condition [7, Theorem A.3.91. Therefore we 
conclude from Corollary 1.4 that Q’ -y) P’. 1 
LEMMA 6.5. Let R be an iterated dlyferential operator ring over a 
Q-algebra R’, and let X be a set of completely prime ideals of R. For each 
P E X, set P’ = P n R’, and assume that P = P’R. If the set X’ = {P’ 1 P E X} 
satisfies ( # fl ), then so does X. 
ProoJ: It suffices to consider the case that R = R’[d; S]. 
Given a finite subset SE R, write each element of S as a differential 
operator in 0 with left-hand coefficients, and let S’ be the (finite) subset of 
R’ consisting of all the coefficients that appear. Then there exists a positive 
integer s such that given any irreducible polynomial xi=, clixi in O[x] of 
degree t > s, any elements a, b E S’, and any P’ E X’ such that a, b 4 P’, then 
Ci=, aia’br-‘# P’. 
Consider any irreducible polynomial C:=, aixi in UZ! [x] of degree t > s, 
any u, v E S, and any PE X such that u, v $ P; we must show that the 
element w  = C:=, cliuiv’~’ is not in P. Note that x0, ~1, #O. 
If 4: R -+ (R’/P’)[B; S] is the natural map, then b(u), d(v) # 0. Let m, n 
be the degrees of b(u), d(v). By definition of S’, the leading coefficients of 
d(u), d(v) are &a), 4(b) for some a, b E S’ - P’. If m <n, then 
d(w) = a&(b)’ 0” + [terms of lower degree] # 0 
and so w  $ P, while if m > n then 
d(w) = x,&a)’ 8”‘+ [terms of lower degree] ~0, 
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and so w  # P in this case also. Finally, if m = n then 
fj(w)=tj ( i a ,a%-‘) em’+ [terms of lower degree], 
i=O 
which is nonzero because C:=, a,aib*pi $ P’, and again w  $ P. 1 
THEOREM 6.6. Any clique X in Spec( U) satisfies (#n). 
Proof: Set P’ = Pn T for all PE X, and set X’= { P’J PE X}. By 
Theorem 6.1, P = P’U for all P E X, and from Lemma 6.4 we see that X’ is 
contained in a clique of Spec(T). Since W is solvable and T is a 
homomorphic image of U(W), all cliques in Spec( T) satisfy (# n), by 
Theorem 5.1. Thus X’ satisfies ( # n), and we conclude from Lemmas 6.2 
and 6.5 that X satisfies (# (7). 1 
7. SOLVABLE PBW EXTENSIONS 
In this final section we derive the intersection conditions and classical 
localizability for cliques in a class of rings that includes twisted smash 
products R # U(g) where g is a finite-dimensional solvable Lie algebra 
over a field k of characteristic zero, R is a commutative noetherian 
k-algebra, and g acts on R via k-linear derivations. Such a twisted smash 
product can of course be written as a universal enveloping ring U( V, R, k) 
where V= R + g. However, R # U(g) can also be written as an iterated 
differential operator ring over R, and we would like our results to apply to 
iterated differential operator rings as far as possible. The type of iterated 
differential operator ring in which we are able to do this is a “PBW exten- 
sion” in the sense of Bell and the author [2], as follows. 
A (finite) PBW extension U= R[B,, . . . . O,,] is a ring extension UZ R 
generated by elements 8,) . . . . 0, such that 
(a) The ordered monomials 0 i p(1)O$2). . . OpCfl) (for nonnegative 
integers p( 1 ), . . . . p(n)) form a basis for U as a free lift R-module; 
(b) [O,, R] G R for each i= 1, . . . . 
( ) C [O. 0.1 1’ J E R+RB + ... +RO? 1 n or all i, j = 1, . . . . n. 
(While such a ring U is very similar to a universal enveloping ring, to fit 
it into the form U( V, R, K) we would need a subfield KG R such that 
[O,, K] c K for all i and such that all the commutators [O,, O,] lie in the 
K-subspace V = R + Kf3, + . . . + KO,.) Because of condition (b), each of 
the maps [e,, - ] induces a derivation on R, which we shall denote 6,. 
258 K.R.GOODEARL 
The twisted smash product R # U(g) of interest to us may be written as 
a PBW extension R[8,, . . . . 0,] where 8,, . . . . 0, correspond to a basis for g. 
Moreover, since g is solvable there are ideals g, = 0 < g, < . < g, = g such 
that the successive factors g,/g,-, are all abelian, and we may choose the 
8, so that 0,, ,.., (!I,,,, corresponds to a basis for g, , while (!I,,(,) +, , . . . . Onc2, 
corresponds to a basis for g,/g,, etc. 
Thus, throughout this section we shall assume that U= R[0,, . . . . f3,,] is a 
PBW extension of a commutative noetherian Q-algebra R, and that there 
are positive integers n( 1) < n(2) < . < n(t) = n such that 
CO,, 13~1 ER + Rt’, + ... + RB,,, 1, whenever 1 < i, j < n(l); 
CO,, $1 E R + R6, + . + RB,r,r whenever 1 <j<n(/)<ibn. 
In particular, [lo,, ej] E R + R8, + . . I + R8, _ I whenever 1 d j < i < n. 
Hence, if Ui denotes the subring of U generated by R together with Q,, . . . . 0, 
then U, is a PBW extension R[0,, . . . . Q,], while [e,, Ui~,]~U,-, for i>O 
and Uj is (isomorphic to) a differential operator ring over Uj-, Thus U 
is an iterated differential operator ring of the form 
U=R[e,;6,][B,;6,]...[e,,;d,] 
(where we have kept the notation 6, for the derivation [e,, - ] on Uim ,). 
Moreover, S,(tI,) E U,,, ~, , whenever i, ,j< n(l) and S,(d,) E U,,(,) whenever 
j<n(l)<i.. 
THEOREM 7.1. All prime ideals of U are completely prime, and U satisfies 
Ihe second layer condition. 
ProoJ See [14, Corollary 2.6; 1, Theorem 7.31. 1 
LEMMA 7.2. If %? is a multiplicative set in R, then V is a right and left 
Ore set in U, and UV ’ is naturally isomorphic to a PB W extension 
(Rg- ‘)[I@, , . ..> @,,I. 
ProoJ Although this can be proved for PBW extensions in general, 
under our present hypotheses it is easier to remark that the result is well 
known for iterated differential operator extensions; e.g., see [3, Lemma 4.1 
and Satz 4.41 or [lo, Lemma 14.2.71. 1 
LEMMA 7.3. If X is a clique of prime ideals in U, then there exists a 
prime ideal P” in R such that P n R = P” for all P E X. 
ProoJ For P E X set P' = P n R, and note from Theorem 7.1 that P' is 
a prime of R. It remains to show that these contractions P' are all the 
same; for this it is enough to see that P’= Q’ whenever P, Q E X and 
Q-P. 
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By Lemma 7.2, R-P’ is an Ore set in U, and since U/P is a domain, 
R - P’ E U(P). Since Q qr3 P it follows that R- P’z%(Q) [7, Theorem 
54.51, whence Q’ G P’. By symmetry, P’ G Q’. 1 
Lemmas 7.2 and 7.3 allow us to reduce our study of a clique X in 
Spec( U) to the case in which R is local and all the primes in X contract 
to the maximal ideal of R. In this case, we can use a trivial extension ring 
to transfer to a clique in a universal enveloping ring U( I’, K, K) to which 
Theorem 6.6 applies. 
Recall that the trivial extension of a ring A by an (A, A)-bimodule B is 
a ring based on the abelian group A x B, with multiplication given by the 
rule (a, b)(a’, b’) = (aa’, ab’ + ba’). Note that if I is any ideal of A, the set 
Z x B is an ideal of A x B, and (A x B)/(Z x B) z A/I. 
LEMMA 7.4. Let S be a noetherian ring, let N be a proper ideal of S such 
that S/N satisfies the second layer condition, and let S’ be the trivial exten- 
sion of S/N by N/N=. Let X be a set of prime ideals of S, all of which contain 
N. Set P’= (P/N) x (N/N’) for all PE X, and then set X’ = { P’I PE X}. 
(a) IfP, QEXand Q-P in S, then Q’-+P’ in S’. 
(b) If X is a connected subset of the link graph of Spec(S), then X’ is 
a connected subset of the link graph of Spec(S’). 
(c) Assume that S is a Q-algebra and that all the primes in X are com- 
pletely prime. Then X satisfies ( # n) tf and only if X’ does. 
Proof Observe that since S/N satisfies the second layer condition, so 
does S’. 
(a) Since the bimodule (Q n P)/QP is faithful as a left (S/Q)-module, 
at least one of the left (S/Q)-modules (Q n P)/(QP + N) and (QP + N)/QP 
must be faithful, and hence 
((Qnp)l(QP+N))O(N/(QN+NP)) 
is a faithful left (S/Q)-module. Observing that 
Q’P’= ((QP+ N)/N)x ((QN+ NP)/N=), 
we see that (Q’ n P’)/Q’P’ must be faithful left (S’/Q’)-module. Similarly, it 
is a faithful right (S’/P’)-module, and so Q’--* P’ by Corollary 1.4. 
(b) This is clear from (a). 
(c) Note that all the primes in X’ are completely prime. The condi- 
tion (# 0) is satisfied by X if and only if it is satisfied by the set 
(P/N1 P E X} of primes in S/N, if and only if it is satisfied by X’. 1 
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LEMMA 1.5. Let M be a maximal ideal of R which is invariant under 
6 , , . . . . 6,, and let U’ be the trivial extension of U/MU by MU/M’U. 
(a) If R’ denotes the trivial extension of R/M by M/M=, then U’ is 
isomorphic to a PBW extension R’[t,, . . . . (,,I. 
(b) IfK denotes the subfield (RIM)xOzR’ and V=R’-+Ktl+ ... 
+ Kt,, then U’ is a homomorphic image of a universal enveloping ring 
U( K K K). 
(c) There is a left basis 1, v,, . . . . v, for V over K such that the sub- 
spaces 
Vi=K+Kv,+ ... $Kvi (for i = 0, 1, . . . . r) 
satisfy [ Vi, Vi] G Vi and [vi, Vim-, ] E Vi _ , for all i = 1, . . . . r. 
Proof: (a) If we identify R’ with its natural image in U’ and set 5, = 
(0,+MU, 0) for i= 1, . . . . n, then (a) is clear. 
(b) Observe that [V, V] c V and [K, V] G K. Then, by [ 13, 
Lemma 1.1 and Theorem 1.31, there exists a universal enveloping ring 
U( V, K, K). The universal mapping property for U( V’, K, K) implies that 
the identity map on V extends to a ring homomorphism from U( V, K, K) 
to U’, and this map is clearly surjective. 
(c) Observe that R’ is an abelian Lie ideal of V. Observe also that 
since 
[O,, O,] E R+ R0, + ... + R8, , 
whenever q 6 p, we have [t,, t,] E K + K[ r + . . . + KC, ~, whenever q d p. 
Choose v,, . . . . v, E R’ such that 1, v,, . . . . v, is a basis for R’ over K, and 
then set vi = ti_ m for i = m + 1, . . . . m + n = r. Now 1, v1 , . . . . v, is a left basis 
for V over K. Set 
V,=K+Kv,+ ... +Kv, 
for i = 0, 1, . . . . r. 
If iE{l,...,m}, then [Vi, Vi]=0 and [vi, Vip,]=O. Now let i=m+j 
for some j in { 1, . . . . n}, and note that Vi = R’ + K<, + . . . + Ktj. Since R’ 
is a Lie ideal of V, and since [tp, t,] E I’,-, whenever q < p, we conclude 
that [Vi, V,] z Vi and [vi, Vi-r] E Vi-r, as desired. m 
With these lemmas in hand we can now verify the intersection conditions 
for finite unions of cliques in solvable PBW extensions of commutative 
noetherian Q-algebras, as follows. 
THEOREM 7.6. Let U= R[tI,, . . . . 0,] be a PBW extension of a com- 
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mutative noetherian Q-algebra R, and assume that there are positive integers 
n( 1) < n(2) < . . . < n(t) = n such that 
[~~,,O,]ER+R~,+ ... +R6,,,,-,, whenever 1 < i,j d n(1); 
[e,, O,] E R + R8, + ... + R8,(,, whenever 1 d jdn(l)bi<n. 
If x is any finite union of cliques in Spec( U), then X satisfies ( f n), and SO 
all subsets of X satisfy the right and left intersection conditions. 
Proof It is enough to prove ( # n) (Lemma 2.1), and for this we may 
assume that X is a single clique. 
By Lemma 7.3, there is a prime P” in R such that PC-I R = P” for all 
PE X. Then Lemma 7.2 shows that the multiplicative set V = R - P” is a 
right and left Ore set in U, and that UV ’ is naturally isomorphic to a 
PBW extension (RT’)[O,, . . . . e,]. Moreover, the set 
is a clique in Spec( VW’) (e.g., [ 15, Lemma 2.111). Since the primes in Y 
contract precisely to the primes in X, it suffices to show that Y satisfies 
cm. 
Thus there is no loss of generality in assuming that R is local, say with 
maximal ideal M, and that P n R = M for all PE X. Note that A4 is 
invariant under 6 i, . . . . 6,,, and so MU and M2U are ideals of U. All primes 
in X contain MU. 
Let U’ denote the trivial extension of U/MU by MU/M2U. According to 
Lemma 7.5, U’ is a homomorphic image of a universal enveloping ring 
U( V, K, K) satisfying the hypotheses of Section 6. Thus, by Theorem 6.6, all 
cliques in Spec( UT) satisfy (# n). Therefore we conclude from Lemma 7.4 
that X satisfies ( # 0). [ 
We remind the reader that among the rings U covered by Theorem 7.6 
are all twisted smash products R # U(g) where g is a finite-dimensional 
solvable Lie algebra over a field k of characteristic zero, R is a com- 
mutative noetherian k-algebra, and g acts on R via k-linear derivations. 
THEOREM 7.7. Let U=R[B,, . . . . Q,] be a PBW extension of a com- 
mutative noetherian Q-algebra R, and assume that there are positive integers 
n(l)<n(2)< ... < n(t) = n such that 
[O,, ej] E R+ RB, + ... + R8,+1, whenever 1 < i, j < n(1); 
[e,, ej] E R + Re, + . . . + Re,,,, whenever 1 d j<n(l)<i<n. 
Let S be a factor ring of U. I f  X is any (right) clique in Spec(S), then X is 
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classically (right) localizable. More generally, if X is any finite union of 
(right) cliques in Spec(S), and f X satisfies the incomparability condition, 
then ‘X is classically (right) localizable. 
Proof Follow the proof of Theorem 5.2, using Theorem 7.1 for the 
second layer condition and Theorem 7.6 for the intersection conditions. m 
In the case of a differential operator ring U = R[8; S] over a com- 
mutative noetherian Q-algebra R, Sigurdsson has given an explicit descrip- 
tion of G?(X) for any clique X in Spec( U), with which he showed directly 
that U(X) is an Ore set [15]. 
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